Quantum transport theory is used to calculate the nucleon spectral function in infinite nuclear matter. A self-consistent description is obtained by utilizing the relations between collision rates and correlation functions. Static and dynamical self-energies are taken into account in the single particle propagators. The real parts of the non-static selfenergy contributions are calculated by dispersion theory thus conserving the analyticity of momentum distributions. The transport theoretical spectral functions, momentum distributions, occupation probabilities and responce functions are in close agreement with results of variational and other many-body theoretical calculations. The results indicate that the nucleon spectral functions are determined only by the average short-range correlation strength.
Introduction
A still controversial problem of nuclear many-body theory is the content of short-range correlations in nuclear matter and finite nuclei. The experimentally observed spectral functions, e.g. measured in A(e, e ′ p)X [1] and more recent A(e, e ′ pp)X [2] experiments clearly show the presence of a sizeable amount of high-momentum processes in nuclei not accounted for by meanfield dynamics. The observed pattern of the energy and momentum distributions indicates considerable admixtures of dynamical short-range correlations beyond the level of a static mean-field. While typical (e, e ′ ) experiments are performed on stable target nuclei corresponding to densities close to saturation extreme nucleon removal reactions with dripline nuclei like 11 Be and 19 C [3, 4] show increasing evidence for dynamical correlations also in low density nuclear matter.
An overall measure of short-range correlations in nuclear matter is the depletion of ground state momentum distributions from a pure Fermi gas picture by about 10%. The deviations are due to processes scattering nucleons from states inside the Fermi sphere into high momentum configurations which clearly are not of mean-field nature. As a result, the momentum distribution obtains a high momentum tail extending significantly beyond the Fermi surface. An important finding is that the magnitude and the shape of the high momentum component is almost independent of the system under consideration while the low momentum parts, especially in light nuclei, are affected by the shell structure and finite size effects. Hence, the high momentum tails of the spectral functions are likely to reflect a universal property of nuclear many-body dynamics at short distances.
The whole subject has become of renewed interest by the recent discussions on off-shell transport theory and in-medium cross sections [5] , structure functions in a nuclear environment [6] and the QCD-related phenomenon of color transparency [7, 8] . The standard approach, taken for granted in most of the theoretical studies, is to assume that nucleons in a nuclear medium behave similar as in free space except for a change of the energy-momentum relation giving rise to a modified single particle spectrum but still concentrating the strength at the "on-shell" mean-field point. It has to be realized, however, that such a strict quasi-particle assumption is only partially supported by the available data. A general observation, e.g. in (e, ep) data is that the deviations increase for states deep inside the Fermi sphere.
Investigations on non-standard phenomena rely on a safe understanding of the many-body theoretical aspects of short-range correlations. In fact, the results obtained from many-body theory describe the available data rather satisfactorily. The majority of the model calculations for infinite matter are using Brueckner and Dirac-Brueckner techniques, see e.g. [9, 10, 11, 12, 13, 14] . An explanation referring to the QCD aspects of strong interactions was proposed in [7] . In [15] a correlation dynamical treatment was applied. The Dirac-Brueckner calculations in [13] , including hole-hole propagation, led to an extended and numerically rather involved energy-momentum structure of self-energies but the net effect on binding energies and occupation probabilities was surprisingly moderate. Most of the approaches use the quasi-particle approximation, i.e. assuming a sharp energy distribution for the nucleons in intermediate states (see e.g. [16] ); only very recently self-consistent calculations, going beyond the quasiparticle approximation, have been performed [17] . Occupation probabilities in stable nuclei could be well described by second RPA [18] and by polarization self-energies [19] , respectively, also in unstable nuclei [4, 3] . In this paper the quantum transport theoretical description of nucleon spectral functions in nuclear matter presented in [20] is discussed in more detail and extended in several aspects by considering additional observables. Since a long time transport theory is known to be in principle the correct description [21, 22, 23] for spectral functions. But explicit calculations on a realistic level were pending, also because an appropriate treatment of offshell effects in transport equations was missing. The recent progress on implementing off-shell transport for heavy-ion and other nuclear collisions numerically [24, 25, 26] and theoretically [5] were important pre-requisites for the studies in [20] and the present work.
The theoretical background formulae are summarized in section 2. Since collision rates and correlation functions are directly related, the calculation of either of the two quantities depends on the knowledge of the other one. Theoretically, this rather involved self-consistency problem cannot be solved in closed form, but a practical approach is obtained by an iterative sequence of successive approximations for self-energies, spectral functions and collision integrals [13, 20] .
Details of the numerical realization of the many-body theoretical relations are discussed in section 3. In extension of the previous work [20] here we include also dispersive self-energies into the single particle propagators. These non-static, i.e. energy and momentum dependent, self-energies are calculated by dispersion theory. In this way, the consistency of single particle dynamics and spectral functions is enforced and, equally important, the analyticity of the results is guaranteed. The equations are solved using an average matrix element accounting primarily for the "hard" short-range collisions. Different to [20] here we include an energy and momentum dependent form factor. In section 3 results for nuclear matter spectral functions, ground state momentum distributions, occupation probabilities and response functions are presented. The agreement with results obtained with many-body theory by Benhar et al. [27] and Ciofi degli Atti et al. [28, 29] is striking. It confirms the universality of short-range correlations in nuclear systems and leads us to the conclusion that they are determined by an average matrix element representing globally the hard in-medium collisions.
Spectral Functions in Quantum Transport Theory

Transport Theoretical Relations
Here, the known fundamental relations of quantum transport theory [21, 22] for the description of non-stationary processes in an interacting quantum system are briefly summarized, following closely the presentation in [20] . In quantum transport theory the non-stationary processes which introduce a coupling between causal and anti-causal single particle propagation are described by the one-particle correlation functions
where Ψ are the nucleon field operators in Heisenberg representation. Correspondingly, in an interacting quantum system the single particle self-energy operator includes correlation self-energies Σ <> which couple particle and hole degrees of freedom [21, 22] . Clearly, g <> and Σ <> are closely related. The wanted relation is obtained from transport theory. After a Fourier transformation to energy-momentum representation the self-energies are found as [21] 
Here, g = 4 is the spin-isospin degeneracy factor and |M| 2 denotes the square of the in-medium nucleon-nucleon scattering amplitude, averaged over spin and isospin of the incoming nucleons and summed over spin and isospin of the outgoing nucleons. Since both g <> and Σ <> describe the correlation dynamics, the spectral function can be obtained from either of the two quantities as the difference over the cut along the energy real axis. In terms of the correlation propagators, the spectral density is defined by
Non-relativistically, the single particle spectral function is explicitly found as
including the particle and hole nucleon self-energy Σ. The width Γ is given by the imaginary part of the retarded self-energy,
In the limiting case of vanishing correlations, i.e. ImΣ → 0, the usual deltalike quasi-particle spectral function is recovered. The correlation functions g <> can be re-written in terms of the phasespace distribution function f (ω, p):
For a system at T = 0, f reduces to
with the Fermi energy ω F . As a result,we obtain for the self-energies the conditions
Due to the dependence of the width and the single particle spectral function upon each other the calculation of a(ω, p) requires a self-consistent treatment. Therefore, the transport theoretical approach leads to single particle propagators including correlation self-energies to all orders by a complete resummation of the basic sunset diagram. The diagrammatic structure of Dyson equation defining the correlated propagators is shown in Fig. 1 .
The Scattering Amplitude
Obviously, the correlation effects depend on the yet undetermined matrix element M. The question arises which processes contribute most significantly to M. Since the bulk of interactions giving rise to long-range mean-field interactions is already taken care of by the proper self-energies of particle and hole states the correlation functions and self-energies must both be determined by those parts of the fundamental interactions producing non-stationary effects beyond the mean-field. An estimate of the relevant interaction scales can be obtained by considering the physical situation, implying strong contributions from the high-momentum components of wave functions and interactions. From the observation that bulk self-energies include in their exchange parts momenta up to twice the Fermi momentum k F a realistic estimate is to identify processes involving momentum transfers q ≫ 2k F as the origin for short-range correlations. At the saturation point of nuclear matter with k F ∼ 270 MeV/c this corresponds to collisions with q ≫ 600 MeV/c. Such processes are located in the interaction regime of the ω and ρ vector mesons, typically accounting for the short-range repulsion in nucleon-nucleon interactions. These processes are appropriately described by the short-range parts of a Brueckner G-matrix, accounting for the whole series of repeated meson-exchange processes.
In addition to the ladder-type interactions from the exchange of individual mesons also three-body (and possibly even higher order) interactions will contribute to short-range correlations in a nuclear medium. Such interactions involve the intermediate excitation of nucleon resonances which subsequently decay back to the nucleon sector by an interaction with a third nucleon. Of similar importance are virtual excitations of NN pairs giving rise to the so-called Z graph contributions [30, 31] . The major contributions of these sub-nucleonic processes are known to be expressible to a good approximation in terms of an effective density dependent two-body interaction (see e.g. [32] ), and, as such, will be part of M. The importance of such processes is indicated e.g. by the variational nuclear matter calculations of the Urbana group [32] showing a sizeable contribution from three-body interactions by subsequent pion exchange already at and below saturation density. Interestingly, DiracBrueckner calculations including the polarization of the nucleonic Dirac sea [30] and investigations of three-nucleon interactions [31] also point to the importance of dynamically generated repulsive short-range modes.
In this context it is of interest that the off-shell behavior of mesonexchange interactions is essentially determined by the mass of the exchanged boson. Hence, the matrix element M will vary only weakly on off-shell momenta, at least on a scale of about 1GeV/c, allowing to replace it to a good approximation by an energy and momentum independent constant, corresponding to an effective contact interaction. A similar approach is used in Landau-Migdal theory [33] describing interactions by the in-medium NN forward scattering amplitude at the Fermi surface. Different to conventional Landau-Migdal theory and to Ref. [20] , here we will account for the remaining dependences at large momentum transfers by a global off-shell form factor F (ω, q), to be discussed below.
Taken together, these arguments lead to the expectation that M is a quantity being almost independent of the specific system and the momentum transfer. The matrix element will reflect general properties of shortrange nucleonic many-body dynamics, mediated by hard processes (on the scale of typical nuclear momenta) of universal character. Sensitivity to a single, specific channel seems to be unlikely considering the experience that short-range correlations are typically determined by a collection of interfering processes with strong mutual cancellations (see e.g. [31] ). We assume universality and treat M as a global parameter.
Numerical Approach and Results
Details of the Calculation
Diagrammatically, the particle-and hole-type transition rates Σ > and Σ < , Eqs. (2) and (3), are of two-particle-one-hole (2p1h) and one-particle-twohole (1p2h) structure, respectively, as shown in Fig. 1 . In this respect, they are of the same basic structure as the polarization self-energies considered in many-body theoretical descriptions. However, while in many-body theory the polarization self-energies are typically included perturbatively in lowest order only by performing the integrations over intermediate 2p1h and 1p2h states with quasi-particle spectral functions, e.g. in Ref. [27] and also Refs. [18, 19] , a more extended scheme accounting for higher order effects was presented in [20] , where the correlation self-energies with the self-consistently obtained spectral functions were calculated. This allows a non-perturbative summation of the whole series of np mh intermediate states as shown in [20] .
However, here we take advantage of the observation that already the first iteration agrees within a few percent with the final result of a fully iterated calculation. Because the main effect of higher order iterations is to redistribute a minor fraction of the strength into the high momentum tails of spectral functions the results presented here remain accurate on the energymomentum scale relevant for the gross structures of spectral function and momentum distribution in pure nucleonic matter. Hence, these results also can be considered as re-confirming the validity of the perturbative treatment, assumed implicitly in previous investigations.
As already pointed out in [20] the numerical simplifications achieved when neglecting the off-shell dependence of M are at the expense of violating analyticity, seen very clearly in an unrealistic behavior of the momentum distribution for p ∼ p F . These problems are corrected by introducing an energy and momentum dependent form factor
that multiplies the average matrix element. Here ω tot = ω + ω 2 = ω 3 + ω 4 , p tot = p + p 2 = p 3 + p 4 and Λ = m N . The structure of the form factor was adopted from those applied in K matrix calculations (see e.g. [34] ). Note that the form factor is symmetric under the exchange of the incoming and outgoing nucleon pair as seen from the delta function in Eqs. (2), (3). It is apparent that collisions at total energies and momenta beyond the scale of the cut-off Λ will be suppressed by the form factor. Because of the fourth power structure and with our choice Λ = m N processes with on-shell momenta of up to ∼ 3k F are not affected by the form factor, especially leaving collisions inside the Fermi sphere untouched. Theoretically, the main advantage of using a form factor is that the polarization contribution Σ D to the real part of the single particle self-energies can now be calculated explicitly and consistently by means of a subtracted dispersion relation
where the on-shell point ω =
In order to account for the static mean-field a density dependent but energy and momentum independent real self-energy Σ 0 is added, i.e. the real part of the self-energy becomes in total ReΣ(q, ω) = Σ 0 + Σ D (q, ω). Eq. 13 corresponds to assume that dispersive on-shell self-energies are already included in the "mean-field" Σ 0 , following closely the approach of phenomenological mean-field theory. In fact, the constant Σ 0 only serves to define the scale for the excitation energy ω which in our case is given by ω ≥ ω F . Since we are not interested in the dependence of our results on the density but only study the system at nuclear saturation density, we can absorb Σ 0 into ω, i.e. we re-define ω by ω + Σ 0 for the following. Compared to [20] , this corresponds to a shift of the energy scale by about 52.6 MeV.
In general, Σ 0 will also include momentum dependent contributions, reflecting the non-localities of the Hartree-Fock mean-field and the on-shell part of Σ D , respectively. An estimate in the effective mass approximation, i.e. absorbing 3-momentum dependent effects into the kinetic energy term, showed that this type of momentum dependence primarily leads to a rescaling of energies by a (density dependent) constant given by the ratio of the effective mass to the bare mass. Conservation of probability requires to multiply a corresponding factor to the spectral functions. The net result is that spectral functions are almost unchanged if both scaling effects are taken properly into account. Because we are primarily interested in investigating the energy-momentum structure of dispersive off-shell self-energies we neglect such contributions, also for the sake of having a minimal set of free parameters.
Starting from the vacuum spectral function of the nucleon
one obtains from Eqs. (2), (3) the following expression for the self-energies:
Here
The upper sign refers to Σ < , the lower one to Σ > . The average NN (off-shell) scattering amplitude M 0 , which determines the self-energies and spectral functions, was treated as a universal parameter. Adjusting it to the spectral functions from many-body calculations of Benhar et al. [27] we derive |M 0 | 2 1/2 =207 MeV fm 3 .
Relating the derived |M 0 | 2
1/2
to on-shell processes would correspond to a constant total NN cross section of about 20 mb accounting for roughly 2/3 of the commonly used value. The above strength, however, compares very well with the in-medium scattering amplitude of +221.0 MeV fm 3 derived by Landau-Migdal theory from the nuclear equation of state for the Urbana interaction model [32] , averaged over the Fermi sphere and spin and isospin. Since the calculations of [27] were performed in the correlated basis function approach, including also the three-body nucleon interactions in the Urbana prescription [32] , we consider the derived value for |M 0 | 2 1/2 as a realistic overall measure for correlations in nuclear matter.
Nucleon Self-Energies and Spectral Functions
Before discussing the full spectral function Eq. (5), it is worthwhile to consider the influence of the form factor on the width and the spectral function without the dispersive Σ D contribution. In Fig. 2 we show the results for the spectral nucleon width using i) the constant matrix element described above and ii) the additional form factor from Eq. (12) for different momenta. It is worth noting that the influence of the form factor is completely different for energies below and above the Fermi energy: while for ω > ω F there is a strong suppression of the width for energies larger than 0.5 GeV, for ω < ω F the results for the calculations with and without form factor almost coincide. The reason for the weak influence for ω < ω F can be found in the step functions in Eq. (15) . The nucleons are treated on-shell, thus Eq. (12) reduces to
Hence, for hole-type states where
F (see fourth step function in Eq. (15) for Σ < ), F 2 > 0.999 deviates only insignificantly from unity. The observed behavior of the width in the calculations with and without form factor transmits to the spectral function, as can be seen in Fig. 3 . The form factor strongly affects the high energy tails of the particle-type spectral functions at ω > ω F while for energies below ω F the changes are negligible. This is a very satisfying result showing that the momentum distribution
is almost independent of the form factor. Also shown in Fig. 3 are the results from Benhar et al. [27] . We are now in the position to calculate the full spectral function, including also the dispersive self-energy Σ D , Eq. (13). In Fig. 4 results for Σ D and Γ = 2ImΣ are displayed. Due to the decrease of Γ with increasing momentum also Σ D is reduced. Therefore, the dispersive real part is expected to vanish at high p. This can be seen in Fig. 5 , where the results for the spectral function with and without Σ D are presented. At the on-shell point the difference of the two curves vanishes because Σ D ( Fig. 3 the combined action of the form factor and Σ D gives rise to a slight redistribution of the strengths in the tail regions but leaves the region around the quasi-particle peak almost unaffected.
The influence of the analyticity of the self-energies on the momentum distribution (16) is illustrated in Fig. 6 . Indeed, as anticipated before, the behavior of n(p) below p F is totally changed from a strong increase to a smooth decrease towards p F being now in agreement with many-body results e.g. [13, 27] . For momenta above p F the differences between the two approaches are almost negligible.
Occupation Probabilities
Analyticity directly affects the normalization of the spectral function,
where conservation of probability requires N(p) ≡ 1. Whereas the calculation without Σ D violates this condition -varying with momentum and reaching values of up to 30 % -the inclusion of the dispersive self-energy Σ D leads to a properly normalized spectral function over the full momentum range. The physical significance of Σ D becomes evident by considering
which at the pole positions is known to describe the energy (and momentum) dependent wave function renormalization or spectroscopic factor accounting for the dissipation of single particle strength into the more complex manybody configurations. Results for Z(ω, p) at the on-shell energy ω = p 2 2m
are displayed in Fig. 7 . The overall shape follows roughly the spectroscopic factors from the many-body calculations of Benhar et al. [27] , also shown in the figure for comparison. In magnitude our results are different, being higher by about 7% at the Fermi surface.
The Density Response of Nuclear Matter
Inclusive scattering of high-energetic electrons off nuclei measures directly the longitudinal and transversal density response functions from which information on the density-density correlation function is obtained [35] . Moreover, the nuclear response function is of current interest because it enters directly into investigations of scaling behavior and color transparency [6, 8] .
At large momenta the density response is expected to be determined by universal properties of nuclear systems, being independent of the system under consideration.
Here, we neglect final state interactions (FSI) of the struck nucleon with the bulk and consider the density response of infinite nuclear matter in plane wave impulse approximation (PWIA) only. In the non-relativistic limit the density response (per energy) is defined by
where, according to our definition of spectral functions a normalization to the volume of the Fermi sphere,
was introduced. The spectral function a(ε, k) is seen to act in Eq. (19) as a source for the energy and momentum distribution of the ejected nucleons. At large momentum transfers where the FSI become negligibly small the PWIA results are expected to carry already the relevant information. In Fig. 8 the PWIA nuclear matter response function for several momenta are shown. In each case the maximum appears at the quasi-elastic (on-shell) energy ω QE = p 2 2m
, as typical for quasi-free scattering. The widths of the distributions correlates with the Fermi momentum. Results of Benhar et al. [27, 36] are also given in this figure as dashed lines.
Considering the strong simplifications of the present approach the overall agreement in shape and magnitude is remarkable. A common feature, however, is a persistent shift of our response functions to lower energies. From Eq. 19 is found that S(ω, p) is a non-trivial cut through the energymomentum structure of the spectral function, varying rapidly with the external energy and momentum. The deviations seen Fig. 3 for the spectral functions become more enhanced in the response functions. By optimizing the form factor the agreement both for the spectral and response functions, respectively, could be improved. For the present purpose, however, this was not done, because an optimal fit to other results is not of primary interest.
Summary and Conclusions
Correlations and nucleon spectral functions in nuclear matter were described by transport theory. Dispersive contributions to the nucleon self-energies are included, thus guaranteeing analyticity of spectral functions and momentum distributions. An important pre-requisite for this achievement was to include a form factor. The comparatively hard cut-off Λ = m N agrees with the assumed structure of the average matrix element M as mainly given by processes involving momentum transfers well beyond twice the Fermi momentum of the system. The insensitivity of high momentum processes on bulk properties of a nuclear system and their weak off-shell dependence led us to describe dynamics by a momentum independent, universal matrix element, treated as the only adjustable parameter of the approach, once the form factor has been fixed. Spectral functions and momentum distributions for infinite nuclear matter at equilibrium were presented.
The energy and momentum dependences of spectral functions and momentum distributions are well reproduced by our calculations, confirming also the conjectures of Danielewicz and Bertsch [23] . Considering the strongly simplified approach the agreement with results from many-body calculations is impressive and supports the approach.
The results lead to the conclusion that the hole-type spectral functions and momentum distributions are dominated by phase space effects rather than by the off-shell momentum structure of interactions. A residual dependence on off-shell effects, however, is observed, indicating that the approach is most reliable for processes with intermediate energy and momentum transfers up to 1 GeV. Still, these effects could be accounted for globally by an overall form factor of a rather simple functional form. In the hole sector the main effect of the form factor is to ensure analyticity, leaving the shape of the spectral functions almost unaffected. In the particle region, of course, the spectral function depends more strongly on off-shell effects. Interestingly, the different behaviour in the particle and hole regions closely reflects again phase space effects because the density of 2p-1h configurations -responsible for the damping of particle states -increases much more rapid than the number of 2h-1p states entering into the hole self-energies. Hence, the particle spectral functions reacts much more sensitive to the cut-off properties of interactions at high off-shell momenta.
The shape of the momentum distribution is related to the magnitude of M: Increasing the value -corresponding to a stronger interaction amongst the nucleons -would increase the occupation of states above p F and soften the Fermi edge. This close relationship constrains the admissible range of values. To the extent that higher order self-consistency is of minor importance, as indicated by our calculations, this also allows, in principle, to extract M from spectral functions and the slopes of momentum distributions by precise measurements of the high momentum tails. However, we again emphasize that such a determination will only provide average information on shortrange correlations in nuclei, not giving access to specific processes. Moreover, from the observed independence of n(p) on form factor effects we expect that also the off-shell properties of interactions will play a minor role for momentum distributions, except for global properties as analyticity. This is easily understood if we accept that hard processes mediated by the (single or multiple) exchange of heavy mesons are the major source. Since the off-shell behavior of meson exchange interactions is essentially fixed by the mass of the meson it is clear that the off-shell momentum dependence of the underlying interactions will become important only on momentum scales well beyond 1 GeV. [27, 36] .
